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Attempt any three questions. 3x%20=60

1. (a) Find the integral surface passing through the curve y*+z°=1, x+z=2 and

corresponding to the PDE 4yzp+q=-2y. 10

(b) (i) Find PDE corresponding to the equation z = xy + f (x2 + yz), /f being an arbitrary
function.

(i) Find the PDE of the family of right circular cone whose axis coincides with z axis.
5+5




82 62 2
2. (a) Reduce the PDE 22 =222 10 92 _ by u=x—ct, v=x-et. 10
Ot ox ouov

(b) (i) Solve the PDE by Lagrange’s method py +gx = xyz’ (x2 —~ yz). 5

1/2

(i) Solve the PDE px+qy =z(1+ pq)

3. (a) Solve the following one dimensional heat equation

oT . 0T
——k—
ot Ox

=0,05x<Lt20

Subject to the condition

@) T(x,0)=f(x)=I-x, 0<x<I
@ 7(0,¢)=T(l,¢)=0, 120

(i) T(x,t)<o as t—oo.

Hence evaluate lim7'(x, ).

t—0

where k 1S a constant. 15

(b) Find the general solution of the PDE x(y" —z”)p +y(z” —x”)q = z(x” —y"). 5
4. (a) Find the solution of the following two-dimensional Laplace Equation at any interior of
o’ 0’¢

the rectangle 0<x<a, 0<y<bh, el + y =0, subject to the boundary conditions

0.(0, ¥)=9,(a, ¥)=0, 0<y<h

and (py(x, 0)20; (py(x, b)zf(x),OSxSa. 15




(b) Find the complete integral of the PDE z* = %Z—ny , by Charpit’s method. 5

ox Oy

5. (a) Solve the following equation for a string of finite length u, —9u =0, 0<x<2, r>0.
Subject to the boundary conditions (0, #)=u,(0, t)=0, u(2, t)=u,(2, t)=0, >0

and the initial condition u(x, O) =X, U, (x, O) =0, 0<x<L2. 15

(b) The general solution of the equation (D2 —~2DD'+ D" )u =", 5
6. (a) Solve the one dimensional wave equation of infinite string

2 —
u,—cu_ =0, 0<x<o0, 120

subuject to the initial coditions u(x, 0)=f(x), u,(x, 0)=g(x), x>0 and the

boundary condition u(0, #)=0, #>0. 15

(b) Find the PI of the equation (D —D’)2 z=tan(x+y). 5
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[ PARTIAL DIFFERENTIAL EQUATIONS AND APPLICATIONS |

Group-A
Answer any four questions : 12x4=48
(a) Solve xp + yg = z. Find a solution representing a surface meeting the parabola
Y2 =4x,z=1. 6
(b) Find the characteristics of the PDE p? + ¢> = 2 and determine the integral

(2)

surface which passes through x =0, y =z. 6

A particle describes a rectangular hyperbola; the acceleration being directed
from the centre. Show that the angle 6 described about the centre in time ¢ after




leaving the vertex is given by the equation fan0 = tanh(\/ﬁ t ), u is the acc. at

distance unity. 6

(b) Obtain the solution of the wave equation u,=c’u_ under the following

conditions :
(1) u(O,t):u(Z,t):O
(i1) u(x,O) = sin’ %
(i) % (x,0)=0 6

(a) Prove that the solution of one-dimensional diffusion equation in the region

0< x <, subject to the condition :
(i) u(x.z) is finite as 7 — oo

(i) u(0.6)=0=u(m 1)

a’t . | NTC
0<y<Z é tsm( )
(i) u(x, o):{ x, 2 s u(rr) =237 — 12 (). 10
=X % <x<m n h
(b) Define Dirac delta function with a brief explanation. 2
(a) Find the canonical form of the PDE y'u_ + 2yu, +u, —u, =0. 5

(b) A bead slides down a rough circular wire, which is in a vertical plane, starting
from rest at the end of the horizontal diameter. When it has described an angle 0
about the centre, show that the square of the angular velocity is

ﬁ{(l - 2u2)sin 0+ 3u(cos 0—e™

and a is the radius of the circle. 7

)} where L is the coeficient of friction




(2)

(b)

(2)

(b)

(c)

(a)

(b)

A particle of mass M is at rest and begins to move under the action of constant
force F in a fixed direction. It encounters the resistance of a stream of fine dust
moving in the opposite direction with velocity V, which deposits matter on it at
a constant rare p. Show that its mass will be m when it has travelled a distance

k
?[m —M{l + 108%” , where K = F-pV. 7

Find the solution of Laplace’s equation V@ =0 in the semifinite region bounded

: . Q) _o(%) _
by x>0, 0<y<1 subject to the boundary conditions | 3, | ~ 015> =0
x=0 =0

Ay
and (p(x, 1) =f (x) where f(x) is assumed to be known. 5
Solve : px+qy =z\/1+ pg by charpit’s method. 5
u

A particle describes an ellipse under a force ( towards the focus; if it

. 2
distan ce)

was projected with velocity V from a point distance r from the centre of the

2772
force, show that its periodic time is Zf {%—VI} . 4

From a partial diferential equation by eliminating the arbitrary function ¢ from

(p(x2+)f+22, zz—2xy)=0. 3

Cu Cu_10u

Discuss the solution of the two dimensional wave equation ol of Eor

by the method of separation of variables. 5

A comet is moving in a parabola about the Sun as focus; when at the end of its
latus rectum its velocity suddenly becomes altered in the ratio n : 1, where n<l;

show the comet will describe an ellipse whose eccentricity is /1 —2,% +25,* and

whose major axis where 2/ is the latus rectus of the parabolic path. 7

2
1-n"




8.

(a) A partiocle is acted on by a central repulsive force, which varies as the nth
power of the distance; if the velocity at any point of the path be equal to that,
which would be acquired in falling from the centre to the point, show that the

n+3

equation to the path is of the form » 2 cos n—+36

= constant. 6
2

(b) Find the equation of the integral surface of the diferential equation

2y(z-3)p+(2x—-z)q =y(2x-3) which passes through the circle

z=0, X+’ =2x. 3

(¢) Find the general solution of PDE X’ g—i +y g—; = (x +y )Z ) 3
Group-B

Answer any six questions : 2x6=12

(1) From a PDE when (p(u, v)=0,where U=X+Y+Z, v=X"+) +2.
(i) What is the interpretation that z = f (x, y) is the integral surface of pP + qQ = R.

(i)  Find the characteristics of the equation u,, +2u,, + sin® x u, +u,=0.

When it is hyperbolic.

(iv)  Define ‘Dirichlet boundary condition’ and ‘Neumann boundary condition’.

9_
2

then show that the velocity of the particle is constant.

(v) If aparticle moves on a curve Jr cos Ja with cross-radial velocity constant

(vi) Give the geometrical interpretation of Cauchy IVP y+cu =0, xeRt>0 where

u(x,O) :f(x),xeR.

(vii)  Write the diferent types of first order PDE with standar form.




(vili)

(ix)

(x)

Verify the equation z=+/2x+a +\/2y+b is a complete integral of the PDE

Q=

1.1,
zp
Show that if f'and g are arbitrary function of their respective arguments then

Fu Su_17u

u=f(x—vi+ioy)+g(x—vi—iay) is a solution of gJFy—?g where

o =1=

v
7

A particle describes a curve s=ctan'V with uniform speed v. Find the

acceleration indicating its direction.
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Attempt any three questions. 3x20=60

1. (a) Let G be a group and a, b € G . Then prove that 6,06, =0, where 0,0, are the

inner automorphisms cooresponding to a, b, respectively. 2
(b) Find all the characteristic subgroups of S, . 2
(c) Prove that Aut(Q, +) is isomorphic with (@*, -). 6

(d) (1) Let G be a group of order 2m where m is an odd integer. Show that G has a
normal subgroup of order m. 5

(i) Show that |dut(Z,xZ,)|=6. 5




2. (a)

(b)

(©

(d)

(©)

(b)

(©)

(d)

()

(b)

Suppose G is a cyclic group. Then prove that every subgroup of G is a characteristic
subgroup of G. 2

Express the Klein’s four group as an internal direct product of two of its proper

subgroups. 2

Let G' denote the commutator subgroup of a group G. Prove that G’ is a normal
subgroup of G and G/G' is abelian. 6

Prove that Aut(Zg) is isomorphic to the Klein’s four group. 4

Let G be a finite group and H be a subgroup of G such that |H | = p*, where p is a

prime and £ is a non-negative integer. Then show that
[G:H]=,[N(H):H ]
where N(H )= { geG:gHg'=H } is the normalizer of the subgroup Hin G. 6

Prove that S, cannot be expressed as an internal direct product of its proper
subgroups. 2

Is the group Z,xZ,xZ, isomorphic to Z,x7,? Justify your answer. 2

Find the comutator subgroup of S,. Let H, K be subgroups of G such that /7 c K .

If H is a characteristic subgroup of K and K is a normal subgroup of G then show that
H is normal in G. 6

Prove that for any group G,

G/z(G)|=91. 4

Let G be a group of order pn where p is a prime and p >n. If H is a subgroup of
order p of G then show that H is a normal subgroup of G. 6

Let G be a group. Give an example of a group action of G on G. 3

Let G be a group acting on a non-empty set S. Prove that the stabilizer of a, where
a €S, is a subgroup of G. 3




(©

(d)

(©)

. (a)

(b)

(©

(d)

()

(®

. (a)

(b)

Show that /; = {1, 2, 3} is an S, -set (ie., the group S, acts on /) where the action
is defined by (o,a)>oc. a=c(a) for all ce S, and for all ae/,. Find all the

distinct orbits of S, . Also find the stabilizers of 1, 2 and 3. 8

Let G be a finite group and aeG. Prove that [G:C(a)]zl if and only if

acZ (G) where C (a) denotes the centralizer of a. 3

State Sylow’s first Theorem. 3

Let H be a subgroup of order 11 and index 4 of a group G. Does G have a non-trivial

proper normal subgroup ? Justify your answer. 2

State class equation for a finite group. 2

For any finite p-group G, p is prime, show that Z(G)#{e}. If G is a non-

commutative group of order p*® where p is a prime, show that ‘Z (G)‘ =p. 6

State Fundamental Theorem for finite abelian groups. Describe all abelian groups of
order 360 up to isomorphism. 2+4=6

Let G be a finite p-group where p is a prime. Then using Cauchy’s Theorem prove

that |G| =p". 2
Let G be a finite group having only two conjugacy classes. Show that |G| =2. 2

Consider the left action of the group GL(2, R) on GL(2, R) by conjugation. Find

the stabilizer of bo ) 2
0 4

Show that every group of order 99 has a normal subgroup of order 9. 3




(¢) For any finite p-group G, p is prime, show that Z(G)#{e}. If G is a non-

commutative group of order p* where p is a prime, show that ‘Z (G)‘ =p. 3

(d) Let G be a group of order 273 = 3.7.13. Show that G has a cyclic subgroup of order
91. 6

(e) Using Sylow’s theorems, prove that no group of order 56 is simple. 6




VIDYASAGAR UNIVERSITY

Question Paper

B.Sc. Honours Examinations 2021
(Under CBCS Pattern)

Semester - V

Subject : MATHEMATICS
Paper: C12-T

Full Marks : 60

Time : 3 Hours

Candidates are required to give their answers in their own
words as far as practicable.
The figures in the margin indicate full marks.

[ GROUP THEORY-II |

1. Answer any four questions : 12x4=48

(@ (1) Provethat Aut (Z,,+) is isomorphic with U, (the group of units modulo 7).

(@) Is the statement “S3xZ/127Z is isomorphic with Z/6Zx7/127’°.—True or
False? Justiy your answer.

ii1) Let G be a group acting on a non-empty set S and |G | = p” where p is a
(iii) group g pty p p

prime and n is a natural number. Show that |S|Ep |S0| where

Soz{aeS|ga:aforallgeG}. 6+2+4=12




(b)

(©

(d)

(©)

()

@)

(ii)

(iif)

()

(ii)

(iif)

(ii)
(iif)

@)

(ii)
(iif)

()

(ii)

Let H and K be two characteristic subgroups of a group G. Prove that H N K
and HK are also characteristic subgroups of G.

Prove that the direct product Z_ * Z, is isomorphic with Z_  if and only if m
and n are co-prime.

Let G be a group acting on a non-empty set S and G denote the stabilizer of

x € G. Then prove that G, =bG b 'forany pe G . (2+2)+4+4=12

For any group (G;,), prove that Inn(G) is a normal subgroup of (4ut(G),0)
where Inn(G) denotes the set of all inner automorphisms of G.

Let a €S, be a k-cycle. Then prove that B €S, is conjugate with a if and
only if B is also a k-cycle.
Using (ii) deduce class equation of S,,. 2+6+4=12

Let a be non-zero rational number. Prove that ¢ Aut(Q, +) where ¢ : (Q, +)
— (Q, +) is defined by ¢ (g) = ga for all g € Q. Hence prove that the only
characteristic subgroups of (QQ, +) are {0} and Q.

Prove that if G is a finite p-group then Z(G) must be non-trivial.

Let G be a group of order pg where p, g are both primes with p > ¢. If ¢ does
not divide (p — 1) then prove that G is cyclic. (3+2)+3+4=12

For any group (G,) prove that G/Z(G) is isomorphic with Inn(G) where
Inn(G) denotes the set of all inner automorphisms of G.

Find the number of elements o order 5 in the direct product Z15 x Z5.

Let G be a group and H be a subgroup of G Let S = {aH | a € G}. Prove
that there exists a homomorphism y : G — A(S) such that ker v < H.
4+4+4=12

Let G be a finite group and H be a subgroup of G of index p, where p is the
smallest prime dividing |G |. Show that H is a normal subgroup of G.

Show that every non-cyclic group o order 21 contains exactly 14 elements of
order 3. 6+6=12




2.

(g) (1) Describe all the abelian groups of order 1200 up to isomorphism.
(i) Using Sylow’s theorem, show that every group of order 45 has a normal
subgroup of order 9.
(i)  Prove that any group of order p? is abelian where p is a prime.
(iv) Can4=1+1+2be a class equation for a group? Justify your answer.
5+2+3+2=12
(h) (@) Define commutator subgroup of a group G. Find the commutator subgroup of
S3-
() Give example (with explanation) of a non-cyclic commutative group of order
28.
(i) Using Sylow’s theorem, show that no group of order 108 is a simple group.
(2+3+2+5=12
Group-B

Answer any six questions : 2x6=12

(a) Prove that the set of all automorphisms of a group (G,) form a group with respect
to the composition of mappings.

(b) Define characteristic subgroup with an example.

(c) Consider two subgroups H, = {e, (1 2)} and H, = {e, (123),(13 2)} of ;. Can
S, be expressed as an internal direct product of the subgropups H, and H,? Justify
your answer with proper reasons.

(d) Consider the direct product S; x S;. Does it contain an element of order 9? Give
reasons in support of your answer.

(e) Using the Fundamental theorem of finite abelian groups, describe all abelian groups o
order 2* up to isomorphism.

(f) Consider the conjugation action of the group (Z,, +) on itself. With respect to this
group action, find all distinct orbits.

(g) Give an example of an infinite p-group.

(h)

State Sylow’s third theorem.




(1) Define a simple group with an example.

() Let G be a group of order 69. Prove that Z(G) is isomorphic with Z,.
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LINEAR PROGRAMMING
Answer any three questions.
1. (a) What do you mean by feasible solution and basic feasible solution ?

(b) Use graphical method to solve :
Maximize Z = x, +0.5x,

Subject to the constraints 3x, +2x, >212; 5x,=10; x,+x, >28.

20x3=60




(©

(b)

2. (a)

(b)

(©

(d)

3. (a)
(b)

A plastic manufacturer has 1200 boxes of transparent wrap in stock at one factory and
another 1000 boxes at its second factory. The manufacturer has order for this product
from three different retailers, in quantities of 1000, 700 and 1500 boxes respectively.

The unit shipping cost from the factories to retailer are as follows :

Retailer —» | | I I
Factory
N
A 14 13 11
B 13 13 12

Determine the minimum cost shipping schedule for satisfying all demands from current
stock. Formulate it to LPP. 6

Is the system of equation

X +x,+x,=4
2x, +5x,—2x,=3

X +7x,=Tx;=5
consistent ? Justify your answer. 6

Define the term extreme point of a convex set. What is special feature of this point ?
4

What do you mean by degeneracy of a simplex method ? When does it occur ? 4

Show that basic feasible solutions are the extreme point of the convex set of feasible
solutions of a LPP. 6

State and prove the condition of unbounded solution of a maximization LPP, when we

are going to solve it by simplex method. 6
What do you mean by degeneracy in transportation problem. 4

Describe the procedure to convert an assignment problem to a maximization problem.
4




(c) Find the optimal solution of the following LPP by solving its dual:
Minimize Z = 4x, +3x, + 6x,

Subject to the constraints x, +x, >2; x,+x,>5; x,,x,,x,=>0. 6
(d) Show that the following problem has no feasible solution

Minimize Z = x, —3x,

Subject to the constraints x, —x, >3; —x,—x, 22; x;, x, >0. 6

4. (a) Show that in a balanced transportation problem, if the no. of source is m and

destination is 7, no. of basic variables will be m+n—1. 4
(b) Why do we study duality in LPP ? 4

(c) A company has three plants X, Y, Z and 3 warehourses 4, B and C. The supplies are
transported from the plants to warehouses which are located at varying distance from
the plants. On account of the varying distance, the trnasportation costs from plants to
warehouses vary from Rs. 12 to Rs. 24 per unit. The company wishes to minimize the
transportation costs. The costs in Rs. from the plants to warehouses are as shown

below :

A |[B |[C Supply
X 12 |8 [18 [400
Y 20 |10 |16 |350
V4 24 |14 |12 150
Demand | 500 | 200 | 3000

Determine the optimal shipping schedule. 6

(d) Solve the travelling salesman problem where the entries are given as distance. Find
minimum distance.

A|B|C|D|E
Alw|25]7|1
B|6|o|3]|8]|2
C|8 |7 |w|4]|7 6
D|12{4]|6 |5
E[1]|3]2]|8|¥




5. (a) Find the dual of the following LPP:
Maximize Z =x,—x,+3x,+2x,
Subject to  x, +x, > -1
X, —3x,—x; <7
X, +x,—3x,=-2
x,x, 20 and x,, x, are unrestricted in sign. 4

(b) Why an assignment problem is not a LPP ? 4

(c) Find the optimal solution of the transportation problem using VAM method.

D,|D,|D,|D,|D,
olole|a]3]3]4
o4[3of1]7]15
o -1l4]=3l02]23 6
19104815

(d) Find the optimal assignments for the assignment problem with the following cost matrix.

85756512575
907866 |132|78
7516657114 |69
80|72(60|120|72
7616456112 |68

SIRGINQY N1 N

Is the solution unique ? If not, identify an alternative solution. 6
6. (a) Define pure and mixed strategy of a Game. 4

(b) Define saddle point of a game and value of a game. 4




(c) Reduce the following pay-off matrix 2x2 by dominance property and hence solve the

problem :

Player B

0 0 0 0 0

4 2 0 2 1

Player A

(d) Show that for a symmetric game the value of the game is zero. 6




1. (a)
(b)

(©

(d)

()

2. (a)
(b)

©

(d)

()

POINT SET TOPOLOGY

Answer any three questions. 20x%3=60
Define the cardinal number of a set. 2
Define accumulation point or limit point. 2

Let N be the set of all positive integers and t be a topology on N consisting of ¢

and all the sets of the form E, :={n, n+1, n+2, ...} where neN. Then find the

accumulation points of 4:= {5, 13,28, 37}. Also determine those subsets of N whose

derived set is N. 2+3=5

Let t,, T, be two topologies on a non-empty set X with t,ct,. Let 4 < X . Then
prove that (i) every t, limit point of 4 is a t,-limit point of 4; (i1) give an example to

show that a t,-limit point of 4 need not be a t,-limit point of 4. 2+2=4

Define finite intersection property. Then prove that a metric space (X ,d ) is compact
if and only if for every collection of closed sets {Fa ‘o e A} in X possessing finite

intersection property, the intersection (1., F, # ¢. 1+6=7

State Hausdorff’s maximal principle. 2

Let X be a non-empty set. Define basis and sub-basis for a topology on X with
examples. 2+2=4
Let (X, 1) and (Y, U) be two topological spaces and f:X —Y be a mapping.
Then prove that f'is continuous if and only if F is closed subset in ¥ = /' (F ) is

closed in X. 3

Prove that a subset S of R is connected if and only if S is an interval. 5

In a metric space (X ,d ) , prove that a subset 4 of X is compact = A4 is totally

bounded. Is the converse implication true ? Give explanation in support of your answer.
3+3=6




3. (a)

(b)

(©

(d)

(©)

4. (a)

(b)

(©)

(d)
(©)

(b)

Prove that a countable union of countable sets is countable. 5

Let X be a non-empty set and t,, T, be two topologies on X with bases B,, B,,
respectively. Show that if 1, = 1,, then for G, € B, and x € G, there exists G, € B,

such that xe G, c G,. 2
Let (X , r) be a topological space and 4 be a non-empty subset of X. Prove that

(i) A4° is the largest open set contained in A;
(i) 4 is open if and only if 4= 4°, where 4° denotes the interior of 4. 3+3

Let Y be a subspace of X. Then show that Y is compact if and only if every covering of

Y by sets open in X contains a finite subcollection covering Y. 5

Give an example of a topology on R, other than the indiscrete one, with respect to

which R becomes compact. 2
Let A and B two well-ordered sets. Prove that 4 x B is well-ordered in the Dictionary
ordering. 5

Let (X , r) be a topological space such that 4 is a nowhere dense subset of X. Prove

that 4 does not contain any non-emptry open set of X. 2

Consider R with usual topology t,. Prove that Q is not a connected subspace of
(R, t,). 3
Prove that the continuous image of a connected space is connected. 5

Prove that a function f on a topological space to a product space is continuous if and

only if the composition 7 o f is continuous for each projection 7, :I1 _, X, —> X .
5

Show that @@ is countably infinite. 2

In a topological space (X , r), prove that a subset 4 of X is closed if and only if
bd(A)< A where bd(A4) denotes the boundary of A. 4




(©

(d)

(©)
()

- (@)

(b)

(©

(d)

()
(®)

Let (X, 1) be a topological space, (¥, 1,) be a subspace and 4 Y. Then show

that 4, = ANY and Aoz(AO)YﬂYO. 2+2=4
Let X, be a metric space with metric d, for n e N. Then show that

p(x, y)=max{d,(x, 1), d)(x y,), . d,(x,.3,)}

where x=(x,X,,...x,) and y=(»,,¥,,..., »,), defines a metric on the product

space X, xX,x..xX, . 3

Prove that R with usual topology has a countable base. 3

If E is a connected subspace of a topological space X and F is a subset of X such

that £ c F c E, prove that F is also a connected subspace of X. 4

Prove that a finite product of countable sets is countable, using induction hypothesis.
5

Show that the product topology on IT,_, X, is the coarsest topology relative to any

topology on Il _, X, where each projection =, :II _, X 6 — X is continuous. 4

aeA

Prove that a topological space X is connected if and only if the only subsets which are

both open and closed in X are ¢ and X only. 3

Show that a topological space (X , 1:) is disconnected if and only if there exists a

continuous mapping from X onto the discrete two-point space {0, 1}. 4
Define locally compact topological space with an example. 2
State the Lebesgue number lemma. 2




THEORY OF EQUATIONS
Answer any three questions. 3x20=60

. Use the method of synthetic division to find the quotient and remainder, when

x°* —4x* +8x* —1 is divided by (x—3). Find the condition so that x’ +3px+¢g may have

a factor of the form (x—a)z. Express x*+5x>—3x+2 as a polynomial in (x+2). 20

. Find the equation of fourth degree with rational coefficient, one root of which is V2 +3i.
State Descartes’ rule of sign. Use it to determine the nature of roots of the equation

x"—1=0. Find the multiple root of the equation x*+2x*+2x*+2x+1=0. 20

. Solve the equation 4x° +16x* —9x—36 =0, when the sum of two roots is zero. Find the

condition that the equation x’ + px* +gx +r =0 may have two equal roots but of opposite
sign. If m, n are integers prime to each other then prove that 1 is the only common root of

the equations x” —1=0 and x"-1=0. 20

. Find the equation whose roots are the squares of the roots of the equation
x* +bx* +cx+d =0. Solve the cubic equation x*—18x—35=0 by Cardan’s method.

Find the relation between the coefficients of the equation x* + ax” +bx+c =0, when the
roots o, B are connected by the relation 1+af=0. 20

. Solve the equation x*—x* +2x> —x+1=0 which has four distinct roots of equal moduli.
Show that the equation (x—a)3 + (x—b)3 + (x—c)3 +(x- ai)3 =0 where a, b, ¢, d are
positive and not all equal has only one real root. Remove the second term of the equation

x* +4x*=7x*—22x+24 =0 and hence solve the original equation. 20

. Prove by Strum’s theorem that the roots of the equation x*—4x®+2x>+4x+1=0 lie in
the intervals (-1, 0) and (2, 3). Prove that the solution of any reciprocal equation depends

on that of a reciprocal equation of first type and of even degree. If o, B, u be the roots of

the equation x’ +5x>+1=0 find the value of Zl 20
a
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[ LINEAR PROGRAMMING |
Group-A
1.  Answer any four questions : 12x4=48

(1) (a) Prove that the set of all convex combinations of a finite number of linearly independent

vectors X,....., X 1S a convex set.
(b)  Solve the following L.P.P by Big-M method
Maximize z=x—2x,+3x,
Subject to X +2x,+3x, =15
2x,+x,+5x,=20

X, X, x, =20 4+8




(i)

(iii)

(iv)

(a)

(b)

(@)

(b)

(@)

(b)

Use graphical method, show that the following L.P.P have no feasible solution

Maximize z=3x+4y
Subject to x—-y<1
-x+y<0

x,y=>0

Examine whether the set is convex or not

X= {(xl,xz),x1 >2,x,<3,x,x,2 0}

Solve the following L.P.P using simplex method

Maximize Z=x+2x,+x

Subject to 2x+x,—x; 22
=2x,+x,—5x,<6
4x,+x,+x<6
X, X, %, 20

Write the dual of the following L.P.P.

Maximize z=x, +2x,
Subject to 2x,+3x, 24
3x,+4x,=5

x>0 and X, is unrestricted.

6+6

8+4

Prove that the set of all feasible solutions to a linear programming problem is a

convex set.
Use two phase simplex method to solve the following L.P.P
Maximize z=3x+2x,
Subject to 2x, +x,<40
X +x,<24
2x,+3x, <60

X, x,20

4+8




(v) (a) Prove that the dual of the dual is primal.

(b)  Solve the following transportation problem using North-West corner method :

Destination
X Y Z W  Supply
Al 51| 4 6 14 15
OrignB | 2| 9 8 6 4
C| 6] 11 7 13

Demand 9 7 5 6
5+7

(vi) (a) Prove that the number of basis variables in a transportation problem with 7 origin and
n destinations is almost m +n— 1.

(b)  Solve the following travelling salesman problem :

A B C D E

A 0 2 4 7 1
B 5 o 2 8 2
C 7 6 o 4 6
D 10 3 5 0 4
E 1 2 2 8 0

(vii) (a) Find the optimal assignment and the optimal assignment cost from the following cost
matrix :

II 5 7 5 6 8

I 8 7 6 3 5

v 8 5 4 9 3

A% 6 7 6 8 5

(b) Prove that if we add a fixed number to each element of a pay-of matrix, the optimal
strategies remain unchanged but the value of the game is increased by that number.
7+5




(vii) (a) Solve graphically the game whose pay-off matrix is
Player B
Player A(i % % _é)
(b) Use dominance property to reduce the pay-off matrix given by
Player B
3-1 12
Plaer A| -2 3 26
2 -2 -11
into a 2x2 matrix and find the mixed strategies for A and B. Also find the value
of the game. 6+6
Group-B
2. Answer any six questions : 2x6=12
(1) Find the extreme point, if any, of the set
S={(x,y):|x|$l, | v| Sl}.
(i) State the fundamental theorem of linear programming.
(i) Define zero sum game.
. . . . [ 6 -3
(iv)  Solve the games with the following payoff matrix | _3 (|
(v)  Prove that the solution of a transportation problem is never unbounded.
(vi)  Define saddle point of a game.
(vi)  Define basic feasible solution of an L.P.P.
(viii)  For what values of a, the game with the following payoff matrix is strictly determinable?

I II II
I a 5 2
II -1 a -8

I -2 3 a




(ix)  Put the following problem in standard from

Maximize z =3x, —4x, —x,

Subjectto x, +3x, —4x, <12
2x,—x,+x,<20
X, —4x,—-5x, =25
x, 20, x, and

x, are unrestricted in sign.

(x) Inagame with the 2x2 payof matrix

(¢ 3

where a < d < b < ¢, show that there is no saddle point.




1.

OR

[ POINT SET TOPOLOGY ]
Group-A
Answer any four questions : 12x4=48
(@ (i) Check whether the set 4= { {01y > Z"| [ is a function and Z* denote
the set of all positive integers} is countable or not.

(@) Prove (R, t,), where 1, denotes the usual topology on R, has a countable
base.

(i) Show that S ={(—oo a)|ae R} u{(b, w)|be R} is a subbase for the lower limit
topology 1, on R.

(iv)  Prove that the union of collection of connected sets having a point in common is
connected. 3+3+3+3=12

(b) (1) Show that every well-ordered set has the least upper bound property.

(i) Prove that in a topological space (X, ‘C), bd (A) = AN A° where 4 is a non-
empty subset of X.

@) Let (X, r),(Y , ’C') be two topological spaces and p ¢ Y . Then prove that X
and X x {b} are homeomorphic. Hence prove that the product space X x Yis
connected, if X and Y are connected.

(iv)  Prove that R with respect to the usual topology t, is not compact.

2+2+(3+3)+2=12
(c) (1) Letd,and 4, be disjoint sets, well-ordered by <, and <,, respectively. Define
an order relation on 4, U 4, by letting a < b either if a, b € 4, and a <, b, or
ifa, bed,anda<,b,orifa € A, and b € 4,. Show that this is a well-
ordering,
(i) Consider a family of non-empty sets {XOL loe A} where A is an infinite set.

Prove that the box topology is finer than the product topology on IT _, X .

aeA“ o




(d)

(©)

(iif)

@)

(ii)

(iif)

(1v)

@)

(1)

(iif)

Define totally bounded metric space with an example. 5+5+2=12

Given two points (xo, yo) and (xl, yl) in R?, define (xo, yo) < (xl,yl) if x, <x,
and y, <. Show that the curve y = x’ is a maximal simply ordered subset of
R

Let X'be a non-empty set and consider the following metric on X :

Ny
) =o i 223

Prove that the metric topolgocy on X induced by d is the discrete topology on
X.

Define open map, Let X be the subspace [0, 1] U [2,3] of the topological
space (R, 7)) and Y be the subspace [0, 2] of the topological space (R, t,)
where 1, denotes the usual topology on R). Is the map p : X — Y an open map
where p is defined as follows :

B X, if x e O,l]
p(x)_{x—l, if x e[[Z, 3]

Justify your answer.

Prove that every closed subspace of a compact space is compact.
34+2+(142)+4=12

Using the Axiom of choice show that if /: 4 — B is a surjective function, then
has a right inverse 4 : B — A.

Deine a quotient map between two topological spaces. Then deine the quotient
topology induced by the function p on a set A where (X, 1) is a topologcial
space and p : X — A4 is a surjective map.

Consider (R, t,) where 1 denote the usual topology on R. Define a surjective
map p from R onto a three-element set A = {a, b, ¢} defined by

a,if x>0
p(x): b, if x<0
¢, if x=0

Compute the quotient topology on A induced by the surjective function p.




®

()

(h)

(iv)

v)

@)

(ii)

@)
(ii)

(1v)

()

(ii)

Deine finite complement (co-finite) topology on a set X. Then show that an
infinite set X is always connected with respect to the finite complement topology.

Give example (with justification) of a locally connected subspace which is not a
connected subspace in (R, t,) where 1, denotes the usual topology on RR.
2H(1+1)H+2+H(14+2)+3=12

Consider the strict partial orderd set (R2, <) where for (x,, y,), (x;,y,) € R?,
(xp» o) < (x|, y,) if any only if x, = y, and x;, < x,. Find a maximal simple
ordered subset of (R?, <).

Let (X, ‘C) and (X, ‘E') be two topological spaces, B — 1’ be a base for the

topology ¢’ on Yand f:X — Y be a mapping. Then prove that fis continuous

if and only fl(B)er forall BeB.

Let T and ¢’ be two topologies on a set X such that t < t'. Prove that the
connectedness of (X, r’) implies connectedness of (X, ’C). By exhibiting an
example (with justification) show that the connectedness of (X ’C) need not
always imply the connectedness of (X r’) . 3+3+(3+3)=12
State Schroeder-Bernstein Theorem.

Give example of a continuous bijective function between two topological spaces
which fails to be a homeomorphism.

Consider a family of topological spaces {(Xa,ta) loe A} where A is an

infinite set. Let 4, < X, foreach ¢ e 4. Thenprovethat [ _, 4 =11 _, A_Ot

holds in the product topology on [1 __, X .

Show that finite union of compact subspaces in a topological space in compact
again. 2+3+4+3=12

Show that in a well-ordered set, every element except the largest (if exists) has
an immediate successor.

Give an example (with justification) of a function on a topological space which
is continuous precisely at one point.




(i) Prove that the image of a compact space under a continuous map is compact.

(iv) Let 7, and t, be two topologies on a set X such that t, —t,. Does the

compactness of (X , 1:1) imply the compactness of (X , 1:2) ? Justify your answer

explicitly. 3+3+3+3=12
Group-B
2. Answer any six questions : 2%x6=12
(a) Give an example (with justiication) of a countably infinite set.
(b) State axiom of choice.
(¢) Prove that (0, 1) < R is not well ordered.
(d) Show that any uncountable set has greater cardinality than N.
(e) Prove that the usual topology is coarser than the lower limit topology on R.
(f) Consider the set ¥ = [—L 1] as a subspace of R with the usual topology. Is
A={xeR |%< | x| <1; openin Y ? Justify your answer.
(2) Consider a family of topological spaces {(Xa, T, ) lae A} and the Cartesian product
I1,_,X, . Define product topology on IT _, X .
(h) Let (X, r) be a topological space, 4 — X and 1, denotes the subspace topology.
Prove that the inclusion map from (A, T A) into (X , 1:) is a continuous map.
(1) Define path connected topological space with an example.
() Consider the subspace 4 = {0} ) {% |ne N} in the topological space R with the

usual topology T, . Prove that 4 is compact.




OR

[ THEORY OF EQUATION |
Group-A
Answer any four questions : 12x4=48
(a) For what integral value m, x* + x +1 is a factor of x*” X" +1?
(b) If f(x) be a polynomial in x of degree n and o is any number real or complex, then
show that
f(x) = f(OL)+f’(0L)(x—c>t)+f”(oc)(x—oc)2 +ont f1 (cx)(x—oa)n
(c) If x*+px’+gx+r has a factor of the form (x- a)3 , then show that
8p'+27¢° =0 and p* +12r=0. 4+4+4=12
(a) A polynomial f(x) leaves a remainder 10 when it is divided by (x — 2) and the
reminder (2x — 3) when it is divided by (x + 1)%. Find the remainder when it is
divided by (x —2) (x + 1).
(b) If f(x) be a polynomial in x and a, b are unequal, show that remainder in the
-b —(x— b
division of f{x) by (x—a)(x—b) is (x )f(zl) gj; a)f( ) .
a f—
4+4+4=12
(a) Solve the equation x* — 3 + 24* — x +1 =0, Which has four distinct roots of equal
moduli.
(b) Find the conditions for which the equation y* —14* +24x + k = 0, has (1) four unequal
real roots, (ii) two distinct real roots, (iii) no real root.
(c) Let f(x)=ax" +ax""+...+a, where , q.....a, are integers. If f(0), /(1) be
both odd prove that the equation f (x) =0 cannot have an integer root.
4+4+4=12
(a) Use Sturm’s theorem to find nature and position of the real roots of the equation

X =Tx+7=0-




(b)

(©

(a)

(b)

(a)

(b)

(©

(b)

(a)

(b)

Prove that the solution of any reciprocal equation depends on that of a reciprocal
equation of first type and of even degree.

If a, B, v, 8 be the roots of the equation x* +4px’ + 6gx* +4rx +s =0 find the

value of Y. o’ (y-8) . 4+4+4=12

Let ay, a,........ o, be the roots of the equation

S(x)=x"+px" " +px"+...+p,=0 and let § =of+0}+0,+.ct0
where » > 0, is an intreger. Then show that—
A S+pS +...+p S+ =0if 12<r<n

() S+pS +...+pS =0 ifr>n.

n-r—n

If o, B, v, & be the roots of the equation x*+ px’+¢gx’ +rx+s=0, s #0 then
of o
find the values of ZT ZF 4+4+4=12

Show that the equation »* —16x? — x —1 = 0 has only positive root.

2

If equation f (x) =0 has all roots real, then show that the equation 1 f"'— { f ’} =0

has all its root imaginary.

If the roots of the equation x’+3px”+3gx+r=0 are in H.P, then show that

24° =3pgr—r. 4+4+4=12

Find the substitution of the form x = my + n which will transform the following equation

to a reciprocal one and hence solve it y* —7x* +13x2=12x+6=0-

Solve the equation ,° _1 = ¢, Hence find the value of cos%, cos 2?71 8+4=12
. 21 4 8n

Solve the equation 57 —1=(. Deduce that 20057, 2 cos =, 2cos7 are the

roots of the equation £ + 2 _2r—1=0-

Solve the equation * —13x-35=0, bytaking x =u+v. 7+5=12




9.

Group-B

Answer any six questions : 2x6=12

(a)

(b)

(©

(d)

(©)

()

(2

(h)

W)

Prove that the roots of the equation (2x+3)(2x+4)(x—1)(4x—7)+

(x+1)(2x—1)(2x—=3)=0 are all real and different.

If a, B, y, & be the roots of the equation x* — y* +2x* + x +1 =0, find the value of
(oc3 +l)(B3 +1)(y3 +1)(83 +l) .
Express ° —5x* +12x* —1 as a polynomial in (x—l) .

State Descartes rule of signs.

Apply Descartes rule of signs to find the nature of the roots of the equation

XTI+ +2x+1=0-

If o be amultiple root of order 3 of the equation x*+bx’+cx+d = O(d # 0) ,

show that a = _8d
3c

If (x)=x"—3x"+10x, express f(x+3) as a polynomial in x.
Determine the multiple roots of the equation y° 4+ 2x* + 2 +4x* +x+2=0-

Solve the equation y* 4 x> —2x+6 =0, itis given that 1 + i is a root.

How many times the graph of the polynomial (x3 —1)(x2 +x +1) will cross x-

axis?
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PROBABILITY AND STATISTICS
Answer any three questions.

1. (a) Show that Poisson approximation is a limiting case of Binomial law.

3x20=60

6

(b) Two numbers x and y are selected at random from the set of number {1, 2, 3, 4,

........ 99). Find the probability P(|x—y|>54).

(c) Let X be a standard normal variate then find the distribution of Y = %X 2,

8




2. (a) Prove that for any random variable X (discrete or continuous) and for any real number

(b)

(©

3. (a)

(b)

©

4. (a)

cE(|X —c|)2E(jX —p

), Provided the expectations exists and p is the medial of X.
7

Let X be a random variable having Poisson distribution with parameter 1 and the

i) ..
conditional distribution of ¥ given X =i be given by f, :[ j p'q’ for 0<j<i,
’ J

i#0, p+q=1. Find the marginal distribution of Y. 6

6_XT_)/,O<X<2, 2<y<4

If f(x,y)= , find P(X+Y <3). 7

0, elsewhere
The jdf (joint density function) of X and Y is given by

k(x+y), 0<x<10<y<1

f(x,y)={

0, elsewhere

Find find P(|X—Y|)£1/2 and fy(x) and f,(»). Are X and Y independent ?

Let X and Y be dindependent random variable having the normal density ( 0, G). Find
P (x2 +y° < 1) > 6
The joint probability density function of the random variable X and Y is

k(l—x—y), x20, y>0, x+y<1

0, elsewhere

2

f(x y)={

where k is a constant. Find mean value of Y when X =1/2 and the covariance of X
and Y. 7

If X and Y are connected by 2.X +3Y +4 =0, then show that p(X, Y):—l. 6

(b) Let the joint probability density function of X and Y be given by

f(x, y)=x° +%, 0,x,1,0, y,2:0 elsewhere. Find regression line of x on y. 7




©)

5. (a)

(b)

(©

6. (a)

(b)

(©

If X and Y are two independent random variable having the density function respectively

0 elsewhere 0 elsewhere

T R WIT R Fh

X

Find the density function of . 7
X+Y

Show by Chebyshev’s inequality that 2000 throws with a coin the probability that the

number of heads lies between 900 to 1100 is 19/20. 6

A random variable X has probability density function 12x*(1-x), (0<x<1).

Compute P(|x - m| > 26), compare it with the limit given by Chebyshev’s inequality.
7
A random sample of 500 apples was taken from a large consignment and 60 were bad.

Obtain the 98% confidence limits for the percentage number of bad apples in the
consignment. 7

Sample of two types of electric light bulb were tested for length of life and the
following data were obtained:

Type-1 Type-II

Sample no n =8 n,="7

Sample means | X, =1234 hrs | X, =1036 hrs
Sample s.d s, =36hrs |s,=40hrs

Is the difference in the mean sufficient to warren that the Type I is superior to Type II
regarding the length of life.

Obtain the recurrence relation p,,, = H(K e + ddu"

j for the Poisson distribution

with parameter 1. Hence, find the coefficient of Skewness and Coefficient of excess of
this Poisson distribution. 7

If X is uniformly distribution over (—1,1), then find the distribution of | X]|. 6




BOOLEAN ALGEBRA AND AUTOMATA THEORY
Answer any three questions. 3x20=60
. (a) Tabulate the Chomsky hierarchy with an example for each type of grammar.
(b) What are universal logic gate ? Why those are called universal ?
(c) With a suitable example, explain various asymptotic notations.

(d) Explain lattice, sublattice, explain with example. 5+5+5+5

. Construct a Turing Machine that recognizes the language L = {0"’” in, m>= 0}. 20

. Reduce the given CFG with Productions given by
S — abSB / a/ aAb and
A — bS / aAAb to Chomsky Normal form. 20

. Deduce R.E. from the Fig. and check whether the string 0100 is accepted or not. 20

. Define a regular set. Using Pumping Lemma, show that the language
L= {a”bk :n>k and n>= 1} is not regular. 10+10

. Among the first 1000 positive integers :
(a) Determine the integers which are not divisible by 5, nor by 7 nor by 9.

(b) Determine the integers divisible by 5 but not by 7 not by 9. 10+10=20




PORTFOLIO OPTIMIZATION

Answer any three questions. 3x20=60

1. Prove that the expected return L, on any asset i satisfies W, =r, +, ( W, — r_,-), B.= S
G
M

and o, is the covariance of the return on asset i and the market protfolio 7, ;

oy = var(r, ).

2. Consider 3 assets with rates of return 7, r, and 7, respectively. The covariance matrix and

210 0.4
expected rates of return are =1 2 1| and m=|0.4
012 0.8

(a) Find the minimum variance portfolio.

(b) Find a second efficient portfolio.
(c) If the risk free rate is 7, = 0.2, find an efficient portfolio of risky assets.

3. For the Markowitz mean-variance portfolio, solve the quadratic programming problem
L 1
Minimize 5 w' Zw—Am'w

Subject to  e'w=1

where w=(w,, W, ...... wn)T, m=(m,m,, ... mn)T

4. Assume that the expected rate of return on the market portfolio is 24% (rM = 0.24) and
the rate of return on T-Bills (risk free rate) is 7% (rf = 0.07). The standard deviation of

the market is 33% (o,, =0.33). Assume that the market portfolio is efficient.

(a) What is the equation for the capital market line ?

(b) If an expected return of 38% is desired, what is the standard deviation of this position?




5. (a) Define (i) Beta of a portfolio

(1) Security market line

(b) You have a protfolio with a beta of 0.84. What will be the new portfolio beta if you
keep 85% of your money in the old portfolio and 14% in a stock with a beta of

1.937?

6. (a) What are some of the benefits of diversifiction ?

(b) Use the information in the following to answer the questions below.

State of Economy | Probability of state | Return on A in state | Return on B in state
Boom 35% 0.040 0.210

Normal 50% 0.030 0.080

Recession 15% 0.046 —-0.010

(1) What is the expected return of each asset ?

(i) What is the variance of each asset ?
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Group - A
1. Answer any fefi questions : > 2x10=20
(2) What is ballistics? Write different types of ballisﬁcs.
(b) Define quasi-linear and semi-linear partial differential

equation. .
/@)’Find the genéral solution of second order PDE
o’z 'z __b e oo
o -

(d) What is the nature of the second order PDE 3
L

V- - < g ' I ‘ T
- Vo541 _2000_ : 2 - f//

PT.O.



( 2)
(o) Let a, be R be such that &’ +5*#0. Then

0z 0z

prove that the Cauchy problem a—g.*.b_é; _1,

x, yeR with Z(x, y)=.x on ax+by=1 has a

unique solution.

/(ﬁ"Find the characteristic curve Qf PDE :

0z 2\ OZ ey ; AR
2ya+(2x+y )5;: 0 which is passing through
the point (0, 0).

(g) Find the equations of the characteristic curves of

.

/
prd : azz o 622
- v 2 e ————s 3
the  PDE  (x42y)23+(y-y+x)=
+x*(y—-1)—=+3—+2z =0 which are passin
RS P =

through the pointx =1,y = 1.

62 62 ‘
(h) Let z(x, t) be the equatlon of 53?25722— with

z(x, 0)=cos(5nx) and g':-(x, 0)=0.-Then
prove thatz (1, 1)=1.

A)/Show that the solutlon of the PDE

xéz—+y§y—-—0 is of the form f(y/x)

Ox




(-3 )

/@/Frove that the partial differenfigl. equ_éfitio'ﬁ .\ -
B T Sy e T

ax2 y-éy-——-:-.o lS elhptlc type for_x<0 y>0

Fmd the two families of surfaces that generate the A

" characteristics of (3y 22)—+(z 3x)—-
=2x-Yy.

Y Find the partial dlﬁerenUal equahon by ehmmaﬁng X
arbitrary constants & and b from

z=(x+a)(y+b).
~ (m) Define apsidal angle and ap51dal mstance

: Prove that a planet has only a radial acceleratlon .
w - towards the Sun. ] :

(o) Prove that at an apse on a central orbit, ‘the
velocity is proportional to the reclprocal of the'
radius vector. |

Group i B -

2. Answer any four questlons s S><4—-20
@) A partlcle moves with a central acceleratlon
Ry (dlstance)2 it is. projected with ve1001ty vata

‘dlstance R. Show that its path is a rectangular'
hyperbola 1f the angle of prmectxon {s

ST L PTO. -
V-5/41 - 2000
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( 4 )
(b) A sphencal ramdrop falls through a cloud whlle

accumulating mass at a rate ?u where » is its

‘radius and A > 0. Find its veloc1ty at time ¢ if 1t
starts from rest with radius a.

- (¢) Find the integral surface of the PDE, x(z+2a)p
+(xz+2yz+2ay)q =z(z+a).

((df Usmg the method of sepathon of variables, solve :
oz

Z oz .
= q—é-t—+z where z(x 0) = 6e™".

I ' ' . 62 62 .
/(ﬁy‘jReduce the wave: equation ?=ngx7 to

canonical form.
@ Solve 22 =pgxy by Eharpit’s method.
| - Group-C
3. Answer any fwo questions : , 10x2=20

(2) () If a point moves on 2 Curve with constant
tangential acceleratior: <uch that the magnitudes
_of the tangential velocity and normal |
: acceleratlon are in a constant ratio, ﬁnd the cERER

(s V) equation of the curve. -

(11') Solve (D"‘ 3DD’2 2D'3)z cos(x+2y)

| \/b) (2 A partlcle is pro_lected w1th velomty V from_



(5)

the cusp of a smooth mverted cyclmd down " |
the arc, show that the time ofp reaching the

vertex is 2\/Etan‘1[\/.@.j|_ = w0 446

Using the method of separation of variables, . .

solve the following wave equation described by

. =4
PDE: -7 =472

BCS: 2(0,£)=0, z(s,£)=0

e

ICS: z(x,O) 0 (62) =S5sinmx. 545
N Ot 1o 5 e

&)/9 Solve the bounda’ry _\falue' p;o'blem

2 ’ . =,
a”="§x”, u(x,0)=20, u(0,1)=0.

u(L t) =0.

é) Find the mtegral su:face of the lmear PDE : L
2y(z 3)—-—+(2x z)-— y(2x 3) whmh | |

PaSSfiS through the c:rcle x’ +y 2x,z 0L y :
AN ;,a5-l;5_;_l‘_ Sn

© V-5/41 - 2000 - b
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(6 ) Al
(d) @ Solve two dimensional 'Lapla,cle’s- equation e
0’z 9%z |
o g 0

with BCS 2(0, y) = 0, z(Z, y)=0
- and 2(x, y) - 0 asy s w0

z(x, 0)=f(x)

i) Let u (x, y) be the solution of-. the 'CauChy'
problem- | "-@-—.—x—@—‘--&-u =],
-aJ{ . . .{.
—0<x<w, yZO .and u (x, 0)=sinx, then
© find 2(0,1). A S

| WX

where -
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Group - A
1. Attempt any fen questions : 2x10=20

@ Find two non-isomorphic groups H, and H, such
that Aut(H,) is isomorphic with Aut(H,).

~(b) Let G. be a group. Then prove that }Inn(G)] =1if _
and only 1f G 1S oommutaﬂve . |
4
« ’b)

1
(c) Verify whether Z, @Z is 1som01phlc to Z Q, ,\17/

~ (d) Let G be a cychc group of order 2023 ‘Find the -
a number of automoxpmsms deﬁned on G

e R e

NS e s e



2) 5
(e) Express U(165) as an external dlrect product of
cyclic groups of the form Z,. R

() Give an example of a group G such that lGl = 12
and G has more than one subgroup of order 6.

(g) Define charactenstlc subgroup of a group G Is it
true that every normal subgroup is characteristic?
* Give reasons in support of your answer.

‘() Find the class equation for the Klein’s four‘ group.

@) Let p, g be odd primes and let m and n be

positive integers. Is U(p™) x-U(g") cyclic? Justify

~your answer. Here U(r) denotes the group of units
modulo n. |

G) Let G be a p-group (where pis a prime) and H |
bea non-trivial homomorphic image of G. Then

. prove that H is also a p-group.

i (k) Lét R denote the set of all polynomials with mteger
. coefficients in the independent variables x,, x,

Let S, act on R by o p(x,,xz,x3) .
. p(xc(l),xo(z);xc(3)') Find the ‘stabiliz’er of ‘the ‘_
polynormal xx, under the action of G. '

| (1) Express the Klein’ s four group as an internal dn'ect_' |
| product of two of its proper subgroups



g__’
( 3 ) R TIEN

(n) Find the conjugacy classes of c/ ((1 2)) and
c1((1,2,3)).in S,. .

(n) Verify whether a non—commutatlve group of order

343 is simple. | | A 243
(o) State fundamental theorem for finite ébelian groups: ?F
Group - B | | N A3
2. Attempt any jfour questions : ‘ S x4=20 X~

(a) Prove that commutator subgroup G' of a group G
- is a characteristic subgroup of G. . -5

(b) Let G be a group. Define commutator subgroup
of G. Prove that Commutator subgroup G’ is a

" normal subgroup of G and G/G' is commutative. |
1+4

() Find all subgroups of order 3 in Zy®Z,. 5

 (d) Determine all non-isomorphic abelian groups of
order 720. . : 5 .

(e) Let G be a group of order 60. If Sylow
 3-subgroup is normal in G then show that Sylow
S-subgroup is also normal i n G - 5

@) Let G be a group. Pr‘ove 'tha_.t the mapping i
$:GxG —> G defined by ¢(g,a)=g-a=gag™
is a group action. Find its kernel and stabilizer G..

- , P.T.O..
V-5/42 - 2000 ST



(4.)
Group .C

3. Attempt any two questlons | | o 10x2=20

(@ @ Find Aut(Z).

(i) If Gisa non—abehan group then show that
Aut(G) can not be cychc P 9«?@/’?@?

(ii1) Prove that Inh(G) ~ }-(Ga, whereIun(G) is

the group of inner automorpmsm of Gand

Z(G) is the centre of G. 24345

() @ Show that Z,®Z, is not isomorphic to

Z,97Z,.

('11) Fmd all conj ugacy classes of the D1hedra1
- group D, of order 8 and henoe verify the class |

equatlon. ,

(m) Let G and H be finite cyclic groups. Prove
~ that GOH is. cyclic if and only if |G| and
[H] are relauvely prime. - . 2+3+5

(c) () State Cauchy s theorem.’ Use Cauchy S

theorem to prove that if a finite group Gisa -

- p-group then |G| =p" for some posmve mteger- 5

oo wherep is a prime.

61) Let G be 2 group of order pn,. where p is a

| pnme and p > n. Show that there exists @
, subgroup of order p in'G whlch is normal o

e
P R

-




(5)

(i) Find the number of elements of order 5 inthe '

direct product ZzséBZ.- 3 = 3+3+4  .

(d) @) Let G be a group actmg on a non-empty set.

Sand qe§. Then prove that |[4]| = [G:: G]

where [a] denotes the orbit of a and G,
denotes the stablhzer of a.

@) Let Gbe a ﬁmte group and H be a proper

V-5/42 - 2000

subgroup of G with index n such that G|
does not divide #!. Using group action show

‘that G contains a non-trivial normal subgroup.

Hence show that a simple group of order 63
cannot contain a subgroup of order 21.
4+(3+3)
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7 [Lmear Programnung]

1. Answer any fen questions: - B © 2x10=20
(@) Define convex set. -
(b)"What is an extreme point in £"?

“ (c) What is the dual of an LPP?
(d) Define the saddle point of a matrix game.

'(©) Solve the LPP by graphical method :
 Max Z= 5x, +3x,

. Sub_]ect to 3x, +5x2 <15
:;;;: : | = +2x,<10 -
‘ P e
£ (f) When does a set of vectors form a basis of "2
:' (g) Pr(jVe_ that a'hypérphne ‘is"a COnVex Gt : _
i o . ™ bT0.

V-5/43 - 2000



YCeay | ,
M Is aSSIE:ﬂment problem a Lmear Prog,rammlng ct
problem? Justlfy ‘ |

(1) Show that the convex hull of two pomts x; and
X, is the line segment joining these points.

(1) Explaln what is meant by a transportanon problem

(k) Is the solutton x = 6 x,=0, x, -—4. a basic

- solutmn of the followmg equahons"
xl +2x2+3x3 6
2%+ x, +4x, =4

i (l) State the fundamental theorem of LPP.

(m) When a LPP is sald to. be has an unbounded |
- solution?

(n) Show that the LPP Max z = 3x, + 9x
subject to x +4xq <8
x+2x,<4
X, X, 20
adxmts of a degenerate basic feasible solutlon

wh - (o) Write down the transportation problem

D, D,

e, A TR AR 06
"‘mtoLPP |

o :.I'f‘l-"jv.5/43 2000




| ( 3°)
2. Answer any four questions :

(a) Given a basic feasible solutidn X,=DB"b with
Z,=C.X, to the LPP Max Z=CX subject to

AX=b, X >0 and z,—¢, 20 for every column
a, in 4. Prove that z, is the maximum value of Z,

- 5%4=20

(b)' Show that by the simplex method, the following'
LPP admits more than one optimum solution. |
Max Z= 2x,+3x,

'x, + 33:2 <21

2x, +3x,<24

X +x,<10
Sx, +4x, <48
x20,x,20

(¢c) Prove that if the primal problem has an unbounded
objective function then the dual has no feasible

- solution.

(d) Using two phase method, show that fea51ble
solution does not exist to the problem <

Min Z= x, +x,
~ subject to 3x, +2x, 230
. 2x+3x,230

& xl+ x2_5 x,>0 x,20.

P.T.O.
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( 4)

(e) Formulate the dual of the followmg LPP and henoe |
solve it. ‘
Maximize Z= 3x, —2x,
~subject to  x, <4

- x,£6
XX S5
.'——,xz <-1
Xy %, 20

~ (f) Solve the following game graphically '_

.
1l 3o | 2
A ‘ :
B - T P B B
~ 3.. Answer any two questlons ' . 10X2—§0_ |

(a) (i) Use Charne’s Big-M method to
" Minimize Z= 2.1::1-'-1-4x2 +x,

subject'to X2, - x3<57’” i
| 2%, = x2-1-2x3 2
. —xl+2x2+ 2x3 1%-

(n) Determme the posmon of the pomt“_- ,‘
(—6 1,7,2) relative to the hyperplane 5

3xl_-|_—r2x2+.4x3--_|-6x4‘_7 Tt phl:




| (5) _
- (b) Solve the following transportation problem

D,

.ay

D, D, Ds
O, 3 | 8 | 7| 4 | 30
O | 5| 2| 9| 5|5
O | 4 | 3| 6| 2|8
b 20 60 55 40

Is there any alternative optimal solution to the
o 8+2

problem?

- (¢) () Find the assignments to find the minimum cost

cost matrix.
iy, A B C D E
1 | 6 5 8 11 16
2 |1 13 16 1 10
3 |16 11 8 8 8
4|9 14 12 10 16
S5 10 13 11 8 16

for the assignment problem with the following

T

e (ii) Write a short note on degeneracy in LPP. 3
@ | (@) Prove 't.hat if a ﬁxed-numbér Pis addéd to
PTO.

V-5/43 - 2000



(6) |
each. element of the pay-off ‘matrix then the
value of the game is increased by P whilé the -
optimal strategies remains unchanged. 5

(i) Use dominance to reduce the pay-off matrix

=5 |1 3 | 1 |20

B | s | s | 4| ¢

and hence solve. | 5.4

V-5/43 - 2000
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Pt - [Probability and Statistics]
Group -A |
1 Answer any ten questlons . | 2x1 0‘20

(a) A freshman class at a college has 200 students of

~ which 150 are ‘women and 50 are majoring in

vk >‘,maths and 25 maths major are women. If a
“student is selected at random from the freshman

class, what is the probabﬂrty that the student w1ll |
.be elther a mathematlcs major ora women‘? |

(b) A speaks the truth in 75% cases and B in 80%

~ cases. In what percentage of cases are they likely
10 coniradlct each other In stating the same fact?

P.T.O.
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o

( 2)

(c) Write the pdf of Gamma dlStl‘ibutl\Oll and its mean

and variance. Q%

(d) Find E (X) for the following density function :

4, 0<x<1l
f(x)=9%(3-x),1<x<2
0, elsewhere.

~(€) Accidents take place in a factory at a rate of 6

per year. What is the probability that there IS no
99

accident in a given month?

) X,7, Z are three random variables, with o, =2,
o,=1 and o,=3; p, =03, p,=05 and

p. =0.5. Find the variance of UP=X+Y—-Z.

| (g) If the lines of regression of y on x and x on y
are 3x+2y=26 and 6x+y=31, respectively.

A
@\)L L Find the correlation coefficient between x and y.

() Let U and V be two random variables with
E(U)= 0=E(V), var(U)=var(V)=1. Then
prove that —1<E(UV)<1 IN/&

| ‘(1) State weak and stlong law of larg,e numbers

X,,) be a random sample
1

(]) Let X=.(XngaA"'7
from a discrete distribution with pmf p(x)=1,

V-5/44 - 2000



(3 ) L
x=2,4,6. Find the probability distribution pf .
sample mean X using central limit theorem.
(k) Let X, X 2;"°,X , be independent and identically '
N (M, c’ ) distributed. Find me'thofd of moment
estimator of p, o?. |

() The bivariate random variable (X, Y) jointly follow -
the probability density function

| Ioc2(8—y),x<'y<2x,03x's2 e i
Flxy)= . elsewh N \,0
. g 0, . o elsewhere. J{,v i

~ Find the k.

"(m)vLet X, X, X, be a random sample from .

N(u,c%). Find the sampling distribution of
| _ Y " n' 'Xi.-”' ’

(@ Let X be a random variable follows N (800,144)
distribution. Find P (X <772). Given that
P(Z<233)= 0.0099, where Z follows standard

nommal distibution. .

(0) Define Markov chain with an example,

- Vsme-2000 0 : = P'TtQt



( 4 )
~ Group - B

2. Answer any four questions : ‘ o 5x4=20

(@ Let X ~ ~ Bin(n, p) and Y _XT'_LIL Prove that the

distribution of ¥ converges to N (0, 1) as 7 —> oo
(not using Central limit theorem). |

(b) State and prove Chapman-Kolmogorov equation.

(c) Let X, X,,-,X, be independent and identically

N (u, 0'2) distributed. Find method of moment
estimator of , o’ by calculating faw moments.

(d) Find the value of k so that the followmg table may
represent a joint dlstrlbutlon

Y=1[r=2
1] 047 01
2| & [ 03

X
X =

Find conditional distribution of X given ¥ = =y and
also find conditional expectatlon of X glven Y= =y

() A dle is thrown 3600 tlmes show that the

- probability that the number of sixes lies between o

-550. and 650 is at least 4/5 (use Chebyshevs |
| mequahty) T

V-5/44 - 2000
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(f) Bearings made from a certain process have a mean
diameter 0.0566 cm and a standard deviation
0.004 cm. Assuming that the data may be looked
upon as a random sample from a normal
population, construct a 95% confidence interval'fer"
the actual average diameter of bearings made by
the process. Given that P (1> 2.262) =0.025 with
9 degrees of freedom and P (1>2.228) = 0.025
with 10 degrees of freedom

Group -C
- 3. Answer any two questions: ' | | 10><2=20'. |
(@ (i) What is called likelihood function?

@) Let X, X5, X, U(a b). Find maximum

hkehhood estlmators of a and b.

(111) A random sample of size 25 is taken from a
Poisson distribution with the parameter A I
the sum of all observations is 150, what is the
method of moment estimate of ?Q‘? . 24345

(b) Following are the mileages recorded (km per litre

o petrol) in 16 runs of a new model of car:
22.16, 22. 37, 22.50, 22.04, 22. 25, 23.01, 22.81,

'22.63, 23. 18, 22.55, 22. 75 22.95, 22 50, 22 38,
“23 2217

PT.O.
- V-5/44 - 2000 - )




(-6 )
Assuming the mileage follows a normal distribution

~ with mean p and variance c’, test the hypotheses

() H:p=22.5 vs. H:p#22.5 and
(i) H:5’<0.3 vs. H:6">0.3.
Take level of significance 0.05.

Given that =2.131, 1,45 5= 1.753,

0.025,15

| xo_os,,s_—24.996, xo_ozs,ls =27.488, choose the
appropriate. 5+5
~(©) The joint density function of (X, ¥) is given by

. [10x?0<x<y<l
f (x, J") { elsewhere: Fmd the marginal

- and conditional probablhty density functions of X
‘and Y. Also find p,,pu,,06%,07, cov(X,Y) and
‘(d @) Let F (x) be the distribution function of ‘a; o

continuous random variable X. Show that the
expectatlon of X can be expressed as

BN =L F()-F(-0)es

(i) _For any random variable X (discrete; or
continuous) and for any real number ¢, prove

V-5/44 - 2000




(7)) | |
that E(| X -c|)2E(| X -n|) provi§ed_ thie
expectations exist and p is the median of X. |
(iii) If X is y(!) variate, then compute E (\/_)? ) o
4+4+2

T BTO.
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